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Abstract 
We consider a finite set E of points in the ~-d~ension~ affine space and two sets of objects 
that are generated by the set E: the system Z of n-dimensional simplices and the system r of 
chambers. The relation (A;& r) introduced by the incidence matrix A4 = II a,,, II defines the 
notion of linear independence and the rank of the system of simplices and of the system of 
chambers. We introduce the notion of a combinatorial basis. Combinatorial bases of chambers 
can be described in terms of a game. We describe the algorithm of decomposition of a convex 
polytope into shells. In the case of the a&e plane, using the game and the algorithm we 
construct a combinatorial basis B of chambers. Using the algorithm, we also construct a basis 
B’ of simplices that together with the basis B of chambers form a ‘triangular pair’. 
Rhmi! 
Nous consid~rons un ensemble fini E de points dans l’espace a&ne a n dimensions et deux 
ensembles d’objets engendr&s par l’ensemble E: le systeme Z de simplexes A n dimensions et le 
systeme r de chambers. La relation (A; Z, r) introduite par la matrice d’incidence M = )I a,, y 11 
m&e aux notions d’ind&endance lineaire et de rang pour le systeme de simplexes et pour le 
systkne de chambers. On introduit la notion de base combinatoire. Les bases combinatoires de 
chambers admettent une description en termes dun jeu. On d&it l’algorithme de decomposi- 
tion d’un polytope convexe en ‘coques’. Dans le cas du plane affine, par le biais du jeu et de 
l’algorithme, on construit une base B’ de simplexes telle que B et B’ constituent une ‘paire 
t~angulaire’. 
0. Introductioa 
Consider a finite set of points E = (elf e 2, . . . , ea) in the dimensional tine space 
V, iV > n, and let P = conv(E) be the convex hull of E. Let us assume that there are at 
least n + 1 points in general position. If the points et,, . . . , ei+, are in general position 
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we denote by Gil, ._. ,irtl (or simply by 0) the n-dimensional simplex spanned by these 
points. Denote by C = {c} the set of all these simplices. All simplices cr (usually 
overlapping) cover the polytope P. Simplices rr divide the polytope P into a finite 
number of chambers y. (See examples of a system of simplices and a system of 
chambers in Fig. 1.) 
Let us give the definition of a chamber. Denote by t? the boundary of simplex a and 
by 2 the union of the boundaries of all simplices cr, i.e. 2 = U,,,r? and let us denote 
3 = P\f. Let f be a connected component of p and y be closure of $. 
Definition 0.1. We will call y a chamber and f an open chamber. 
Denote by I’ the set of all chambers in P. Open chambers do not overlap and all the 
chambers cover the polytope P. Note that every chamber is a polytope. We will say 
that a point is a vertex of a chamber if it is a vertex of the corresponding polytope. 
Thus, for a finite set of points E we have constructed two sets of objects: a system of 
overlapping simplices C and a system of chambers r and we can consider a relation 
(A; X, r) (see [5]) defined by the incidence matrix A = 11 a,, ,, 11, TV E Z, y E r, where 
a,,,=1 ifyca, a,,y=O ifyfio. 
Let us introduce the following notations: 
(1) 
fe is the row of M that corresponds to the simplex 0; gu is the column of M that 
corresponds to the chamber y, V, is the linear space generated by the rows .J, 
(row-space of the incidence matrix), Vr is the linear space generated by the columns gu 
(column -space of the incidence matrix), and I is the rank of the incidence matrix A. (It 
is clear that I = dim Vz = dim V,.) 
We will also use the notation id(C) for the set of all interior points of a set C. 
Note that due to one-to-one correspondence between the columns of A and the 
chambers y E r, we can consider linear combinations of chambers instead of linear 
combinations of the corresponding columns of A. 
Defi~tion 0.2. Chambers y t, . . . , yk are linearly dependent if among the correspond- 
ing rows ga there is a linear relation, i.e. CT= i cigy, = 0. 
We will write this relation in the following form xi= 1 ciyi = 0. 
The linear spaces V, and V,- are dual to each other. Indeed, we can construct the 
bilinear form 
where(?=C,c,aEV,,~= C, d,y E Vr, It is easy to prove that the bilinear form (kg 
is well-defined and nondegenerate. 
Systems of simplices and chambers appear in different problems (representation 
theory, Kostant partition function, hypergeometric functions, etc.) and two important 
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questions arise: (1) how to construct a basis of simplices, (2) how to construct a 
basis of chambers. It is important for certain combinatorial problems to give an 
explicit construction of bases consisting of chambers and bases consisting of simplices 
and not of their linear combinations. Actually, the combinatorics used in the study of 
Kostant partition function is closely related to the problems discussed in this 
paper for the case when a finite set E of points is the system of roots of a semisimple 
Lie group. 
The combinatorial construction of a basis of simplices is contained in [S]. In [l] 
a theorem about the system of linear relations among simplices and a theorem about 
the system of linear relations among chambers are formulated. The approach in [l] is 
based on the notion of marking (see 121) and is different from the geometrical 
approach used in the present paper. Note that, unlike Cl], in this paper we use only 
two systems of objects: the system of simplices and the system of chambers, and we do 
not consider the system of hyperplanes. 
In this paper we define a class of bases (consisting of chambers) in Vr; we call these 
bases combinato~al bases of chambers. We give a construction of a combinatorial 
basis of chambers in the case of the affine plane. With each such basis we also associate 
a basis (consisting of simplices) in Vz. From the algorithm of construction of 
a combinatorial basis of chambers we obtain a formula for the rank of the relation 
(A; z, 0. 
The construction of a combinatorial basis of chambers in the case of the 
n-dimensional affine space will be done in the next paper. This construction is quite 
awkward to be written all at once. It is inductive and uses the case of the afline plane 
as the first step, The case of the Dimensions for n > 2 deals also with relations among 
the relations of chambers. Besides this, the general case uses the flag construction 
fs= CU)* 
1. Basic hear relations among chambers 
Let E be a finite set of points in the n-dimensional affine space, .Z be the set of 
simplices with the vertices in E and r be the set of chambers (defined in the 
Introduction). 
Consider the set of all vertices of all chambers y ET. Some of these vertices are 
points from the set E = (ei] and some are not, see examples in Fig. 1. 
Definition 1.1. A vertex w of a chamber YES is a new point if w#E. 
Let us denote by W = (w> the set of all new points of all chambers yE r. The set of 
all vertices of all chambers y E r is Eu W. 
Assumption. Let us assume that through a new point w E W pass exactly n facets of 
simplices crE JZ, i.e. (n - l~mensional faces of simplices QE Z. 
Fig. 1. 
Note that there are no restrictions on the positions of ‘old points’, i.e. points 
from E. 
Remark. We make this ~s~ption for Theorem 1.1 (of this section) and for the same 
(in Section 2). For Theorem 1.1 in general case we have to define a flag construction 
similar to the one defined in [l]. The game (in Section 2) could be then easily 
reformulated for the general case (compare Rule 1 and Rule 2 in the game on the afhne 
plane). Due to the limited space and in order to simplify the presentation of the results 
we avoid using this flag construction and, therefore, do not formulate and prove here 
Theorem 1.1 in general case, However, we want to stress that the statements of this 
paper for the n-dimensional space (Section 3) do not use the assumption above and the 
results for the affine plane (Sections 4, 5) are proven for the general case. 
In order to formulate Theorem 1.1 we introduce the orientation around a new 
point w. 
Let w E W be a new point. Due to the assumption above the new point w lies in the 
intersection of exactly n facets of some simplices a~Z1. Therefore, we can introduce 
a local coordinate system with the origin at the point w if we choose these n facets as 
the coordinate hyperplanes and choose an arbitrary orientation. (The orientation 
around a point in general case see, for example, in [3].) 
Let us denote by y(w) the set of all chambers with the vertex w, i.e. y(w) = fr: w E y>. 
Let y E y(w) and let 5 E int(y) be a point with the local coordinates tl, . . . , 5,. Then 
the chamber ye?(w) can be characterized by a sequence of + and - , i.e. by 
(sign&), . . . ,sign(&J). It is clear that this sequence does not depend on the point 
4 E int(y). 
If the point w lies inside the polytope P there are 2” chambers in y(w) and they are 
coded by all the possible sequences of the length n consisting of + and - . 
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For a new point w we introduce the following function s,,,(y), 
E,(Y) = sign({,) * sign(& . *mm - sign(t,). 
Theorem 1.1, Let the points WE W satisfy the assumption made above. For any new 
point WE W there is the fo~~owi~ linear relation between chambers: 
,E;w, Gv(Y)Y = 0. (2) 
Note that the choice of another local coordinate system around w can only change 
simultaneously the signs of functions E,(Y) for all y E y(w) and therefore will not change 
the relation (2). (For example, around the new point w1 in Fig. 1 the relation (2) is 
Yl - Y2 + 73 - Y4 = 0.1 
Proof. Let WE W be a new point. We have to prove that among the columns gu, 
y E y(w) of the incidence matrix M (defined by the formula (1)) there is a linear relation 
The relation (3) means that 
,zw, s&96, y = 0 for any 0 o C (4) 
Since, a,, y = 1, if y c (T and ua,? = 0, if y $E 0, the relation (4) is equivalent to the 
following: 
z: E,(Y) = 0 for any (TEX (5) 
YEYw%Y C@ 
Let us choose a simplex CJ E C. The following cases are possible: 
(1) w&; 
(2) w belongs to the interior of the simplex o; 
(3) w lies on the boundary of the simplex (T and lies inside the polytope P; 
(4) w lies on the boundary of the simplex 0 and lies on the boundary of the 
polytope P. 
Let us consider these cases. In case (1) we have y $ G for any chamber y E y(w) and 
therefore relation (5) holds. 
Let us consider case (2). Then w lies inside the simplex G together with a small 
neighborhood. Since any chamber is connected, this implies that all chambers y E y(w) 
belong to the simplex Q, i.e. y c cr, for any y E y(w). 
As we have mentioned above, any chamber y E y(w) can be coded by the sequence 
(sign(&), . . . , sign{<,)), where c E y. Since y c: G for any y e y(w), all possible sequences 
(sign&), . . . , sign(&)) will be present in sum (5) and relation (5) holds. 
Consider case (3). The point w lies on the boundary of the simplex CT and inside the 
polytope P. Then w E 4, where q c (z is an (n - Q-dimensional open face of CR (Note 
that k # n since w is a new point.) This means (due to the assumption about general 
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position of faces of simplices) that w lies in k coordinate hyperplanes around the 
point w. Let the local coordinates around the point w be ¢x, ... ,~n. Then the face 
q is described by the equations ~, = 0 . . . . .  ~ = 0. The simplex tr lies to one 
of the sides of each of these hyperplanes ( ince q is the face of a). This means that 
the signs of the coordinates ~t . . . . . .  ~i, are fixed for the simplex tr and therefore 
are fixed for all the chambers y e ~(w), ~ c a. The remaining (n - k) coordinates can 
have arbitrary signs in the simplex a. Therefore the chambers y ~ 7(w), y ~ a are coded 
by all the possible sequences of + and - of the length (n - k) and it is clear that 
relation (5) holds. 
Consider case (4). Let the point w lie in the (n - k)-dimensional open face of the 
simplex tr and in the (n - m)-dimensional open face of the polytope P. In this case it is 
clear that for any chamber 7eT(w), ? c a, k coordinates of a point ~e? will be fixed 
'due to' the face of the simplex and m coordinates will be fixed 'due to' the face of the 
polytope P. The remaining coordinates can be arbitrary and therefore the chambers 
),e?(w), 7 c tr are coded by all the possible sequences that has + and - is these 
coordinates. Therefore the relation (5) holds. [] 
2. Combinatorial bases of chambers. Game 
Definition 2.1. A basis of chambers i called combinatorial if any other chamber can 
be expressed in terms of basis chambers by repeatedly applying relation (2) (see 
Theorem 1.I). 
Combinatorial bases arise naturally from the game that is formulated below. This 
game will be also used to prove Theorem 4.1. 
Again let us assume (see Assumption and Remark in Section 1) that through a new 
point pass exactly n facets of simplices a e 2L 
Game. Let E = {el . . . . .  eN} be a finite set of points in the n-dimensional ffine space. 
Let 2~ be the set of all n-dimensional simplices panned by points e~ E and F be the set 
of all chambers. Let W = {w} be the set of all new points (see Definition 1.1). One has 
to paint initially some chambers blue, and pay for each blue chambers (i.e. we can 
assign '1', for example, to each blue chamber). After the initial painting has been 
completed, it is permitted to paint green some other chambers according to the 
following rule: 
Rule. If all chambers adjacent to a new point we W except one are already painted 
(either blue or green), then the last chamber adjacent o the new point w can be 
painted green. 
Green chambers are 'for free', i.e. one does not play for a green chamber (we can 
assign '0' to each green chamber). It is clear that in this game there are iterations of 
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Fig. 2. 
painting chambers green, because after we have painted some chambers green accord- 
ing to the Rule, more chambers that can be painted green can appear. 
Definition 2.2. An initial painting B is called sufficient if all the chambers y E r, y@3 
can be painted green according to the Rule. 
The purpose of the game is to construct a sufficient initial painting that has the 
lowest price. 
Examples. If Fig. 2 there are two con~gurations of 6 points on the afhne plane, 
E=(+, . . . , e6). There are examples of sufhcient initial paintings. Blue chambers are 
shaded and green chambers are marked by ‘ f ‘. The sufhcient initial painting in 
Fig. 2(a) does not have the lowest price, which is equal to 10. The sufficient initial 
painting in Fig. 2(b) has the lowest price. 
Now that in the game the process of painting chambers green is actually a way of 
repeatedly applying the relations (2). Therefore, a combinatorial basis can be con- 
structed from a sufficient initial painting that has the lowest price. 
3. Algorithm for constructing set 3 
In this section we will algorithmically construct a set of chambers B. We will prove 
(Sections 4 and 5) that on the affine plane this set of chambers B is a basis of chambers. 
In the n-dimensional affine space the set B is not necessarily a basis of chambers. 
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Lemma 3.1. Let E = (el, e2, . . . , eN) be a finite set ofpoints in the n-dimensional a&e 
space. A sequence of points ei,, ei,, . . . , eiN, ei, E E, can be constructed such that 
FRnPk =8 fork = 1, . . . ,N, (6) 
where 
Pk = conW\(ett, . . . ,eiJ, 
FR = conv(e*,, . . . , eiJ 
We assume also F. = 0, PO = conv(E) = P, FN = conv(E) = P. 
(7) 
(8) 
Proof. In Lemma 3.1 two sequences of polytopes are defined: 
FocF1c +a. cFN. 
Let us prove a stronger statement: here exists a sequence of points (eiJ such that not 
only the condition (6) is satisfied but also for each k there exists a hyperplane that 
separates the polytopes Pk and Fk. (Compare the choice of order ei,, ei,, ._. with the 
dual shelling described in [4].) 
We will prove this by indication. On the zero step consider the polytope P and any 
hyperplane that does not intersect P. The statement is satisfied. Let us construct the 
first point of the sequence. To do this we move the hyperplane parallel to itself until it 
meets a point of the polytope P. There are two possibilities. If the hyperplane meets 
a vertex of P we take this vertex as the point ei,. If the hyperplane meets more than one 
point from P we turn the hyperplane slightly so that it will meet only one point from 
the polytope P. It is clear that FInPI = 0. In order to obtain the hyperplane that 
separates PI and Fr let us move a little the hyperplane mentioned above parallel to 
itself after it has met the vertex ei,. This hyperplane will separate the polytopes PI 
and F1. 
Suppose that we have constructed the sequence of points et,, . . . ,eik_, such that 
I;,_,nP,-, = 0 and there is a hyperplane that separates the polytopes Pk_l and 
Fk- 1, Let us move this hyperplane parallel to itself towards Pk_ 1 until it meets a point 
from Pk- 1. As in the first step there are two possibilities: (1) the hyperplane meets 
a vertex of a polytope Pk._,; (2) the hyperplane meets more than one point of the 
polytope Pk - 1. 
It is clear that the same arguments as for the point ei, allow us to choose the point 
ei, such that PknFk = @ an d h c oose the position of the hyperplane that separates these 
polytopes. 0 
Algorithm. Let us construct he set of chambers B. Let E = {elf . . . , eN> be a finite set 
of points in the n-dimensional affine space and let X be the set of simplices and r be 
the set of chambers (defined in the Introduction). Constructing the set of chambers 
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B will be done by steps. Let us denote by Bk the set of chambers that will be 
~onst~~t~ on the kth step. We define then 
B={Y:YE~&]. 
Step 1: We choose a vertex of the polytope P and denote it by ei,. We define the set 
Bt as the set of all chambers in P adjacent to the vertex et,, i.e. 
Step 2. We choose a point ei, E E\ei, such that FznPz = 0 (see notations (7) and (8)). 
By Lemma 3.1, such a point exists. We define the set of chambers Bz as the set of all 
chambers in the polytope PI adjacent to the point ei2, i.e. 
Step k: We choose a point ei, E E\(ei, , . . . , ei,_ ,) such that Fkn Pk = $?J and define a set 
Bk as the set of all chambers in the polytope Pk._ 1 that are adjacent o the point ei,, i.e. 
We continue the algorithm as long as there is at least one chamber in the 
polytope Pk. 
Since in the set of polytopes PO I> PI =3 P2 2 .h. every polytope has one vertex less 
than the preceding one, the algo~thm ends after a finite number of steps. As the result, 
we obtain the set B of chambers 
Proposition 3.1. The number of steps in the algorithm is equal to iV - n. 
Proof. The polytope Pk that has only n vertices contains no chambers. Therefore, the 
algorithm ends after N - n steps. [7 
On the complexity of the ~go~t~ From Proposition 3.1 it follows that the number 
of operations in the algorithm is O(N). 
3.1. Visibility and shells 
The algorithm for constructing a set of chambers I3 described in Section 3 gives 
a decomposition of the polytope P into what we shall call shells. We will describe here 
their geometrical properties. 
Let us introduce a notion of visibility. 
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Definition 3.1. Let V be an n-dimensional a&e space, P a convex polytope, and 
e a point such that e$P. We say that the point po ‘v is P-visible from the point e if 
(e, p)nP = 0, where (e, p) is an open segment. 
We have constructed in Section 3 a sequence of points (ej,> and two sets of 
polytopes Pk and Fk, k = 1, . . . , N - n. Let us consider the polytope 
Sk =Ba-T\st w-8 
where A means the closure of the set A. Note that polytopes Sk are not necessarily 
convex. From the definition of polytopes Sk it follows: 
Proposition 3.2. Polytope P is the union of the polytopes Sk, 
N-n 
P= u s;. 
i-1 
(11) 
It is also clear that int(&)nint(&) = 0, for i # k. 
The polytopes Sk will be called shells. The following propositions describe the 
geometrical properties of the shells Sk. 
~OpOSitiOII 3.3. The point ei, E Pk- 1 is Pk _ ~-visib~e~o~ the point eiR_l. 
Proof. By construction, the point ei, is one of the vertices of the polytope 
Pk_ r. Suppose that the point eik is not Pk_ r-visible from the point ei,_,. Then 
(ei,-. i, ei,)nPk- 1 # 0, where (ej,- 1, ei,) is an open segment. Then this segment crosses 
one of the faces of Pk _ I, for example, the face q. Notice that q c Pk since Pk contains 
all the vertices of Pk- i except the vertex ei, (we recall that Pk = conv(E\(ei,, . . . , Q)))_ 
Then we obtain that P&?+ ei,_,) # 0. Since ei,, ei,_,EFk we have PknFk # 0. This 
contradicts conditions (6). [7 
Remark. From Proposition 3.3 it follows that: 
1, The polytope Sk has the following shape: Sk is a part of the convex cone with the 
vertex eii and whose base is the ‘cover’ zk, where yk is the set of all points of the 
polytope Pk that are Pk-Visible from the points ei,. 
2. The ‘cover’ &.$?k satisfies the following condition: if x1, x2 E Sk, then any point 
x c (x1, x2) either belongs to _Yk or does not lie in Sk. 
3. Inside Sk there are no points of E. 
In particular, if V is the affine plane, the shell Sk is a part of an angle with the 
vertex ej,, two sides ql, q2 and the ‘cover’ diPk which is a polygonal line ‘concave 
towards Si, see Fig. 3. 
Let Q = (q) be the set of all faces of all simplices (T E z1 and let star(e) = (q E Q: e is 
the vertex of q). It is easy to see that Proposition 3.3 implies the following result. 
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Fig. 3. 
Proposition 3.4. Let Sk and S k + 1 be two neighboring shell, eik the vertex of Sk and 
eik,l the vertex of Sk + 1. Then 
S&OS&+ 1 = star(e&+,)d?&, 
where s& is the set of all points Pk-visible from the point eq. 
Note that on the a&ne plane the d~omposition of the polygon P into shells Sk 
defines also a triangulation of the polygon P, since the shell Sk already consists of 
triangles (see Fig. 3). 
4. Sufficient initial paintings of chambers 
In Section 3 we have constructed a set of chambers B in the ~-~mensional tfine space 
T/. In this section we will prove that in case of the atIine plane any chamber y E r is 
a linear combination of chambers y EB. For this we will use the game defined in 
Section 2. In case of the affine plane we will eliminate in the game the assumption on 
the number of edges that pass through a new point. The game on the affine plane will 
use Rule 1 instead of the Rule used in Section 2. 
Consider the atline plane I/. Let E be a finite set of points in I/, Z the set of simplices 
(triangles), r the set of chambers, W the set of all new points (see Definition Ll), and 
Q = (q) the set of all edges of all the triangles CEC. 
Definition 4.1. We say that a chamber YE r is adjacent to some edge q E Q, if there is 
an edge q’ of the chamber y, such that q’ c q. 
Game on the allhe plane. One has to paint some chambers blue and pay for them 
(initial painting). After that other chambers can be painted green according to the 
following rule. 
Rule 1. If there are three painted chambers (either blue or green) adjacent to a new 
point w E W and adjacent to some edge q E Q that pass through the point w then the 
fourth chamber adjacent to q can be painted green. 
One does not pay for a green chamber. The purpose of the game is to construct 
a sufficient initial painting that has the lowest price. 
For a sufficient initial painting on the affine plane see Definition 2.2 and use 
Rule 1 instead of the Rule defined in Section 2. 
In case when for any w E kV there are only two edges that pass through the point 
w we can, as before, use the game with the Rule defined in Section 2, which is case of 
the affine plane will take the following simple form: 
Rule 2. If there are three painted chambers adjacent to a new point WE W, then the 
fourth chamber adjacent to w can be painted green. 
We can now formulate the main theorem of this section. In Section 3 we have 
constructs a certain set of chambers B. Consider the set B as an initial painting, i.e. let 
us paint blue all the chambers YE B. 
Theorem 4.1. Let E be a finite set of points on the afine plane. The set of chambers 
(y: y E 3) is a suficient initial p~i~tin@. 
Corollary 4.1. Any chamber y or is a linear combination of chambers yieB, i.e. 
Y = C ciYi YIEB. 
LA us prove that Corollary 4.1 follows from Theorem 4.1. First, let us make the 
following remark. Rules 1 and 2 mean that any green chamber yis a linear combina- 
tionofchambersy,,yz,yJ,i.e.y =yl - y2 + y3, where chambers yl , y2, y3 are already 
painted (either blue or green). In Rule 1, Y, Yl , y2, y3 are the chambers adjacent to some 
new point WE W and adjacent o some edge qoQ, such that woq. In Rule 2, 
y, Y1, y2, y3 are the chambers adjacent o some new point w. In Theorem 1.1 it is 
proved that, the chambers adjacent to a new point satisfy the relation 
Y = Yl - y2 + y3, i.e. we get Rule 2. The proof for the case of Rule 1 is similar and we 
do not include it here. 
Before we can prove Theorem 4.1 we will prove some propositions describing shells 
S, on the atline plane. 
Consider the shell S,. It has the shape of an angle with the vertex el, two sides 
ql, q2 E Q and the ‘cover’ $Pk (see Remark in Section 3 and Fig. 3). The shell Sk is 
intersected by some edges q E Q (see Fig. 4).) 
Proposition 4.1. Let ~EQ be an edge such that q&t(&) # 8, then the edge q can 
intersect only one of the edges 41, q2. 
Proof. Note that no edge q E Q ends inside Sk (see Remark in Section 3). Since ql, q2 
are the side of the cone Sk with the vertex ei,, any edge qEQ that intersects int(&) 
either passes through the point ei, or intersects at least one of the sides ql, q2. Let us 
prove that an edge qE Q can intersect only one of the sides ql,q2. 
Suppose that some q E Q intersects both edges q1 and q2. The edge q has two end 
points that belong to E, for example, e’, e”e E. Consider the convex polygons 
Fk-i = COZlV(ei,, . . . , ej,_,) and Pk- 1 = conv(ei,, . . . , e,) (s= formulae (7) and (8)). Any 
point e E E belongs either to Fk_ 1 or to P k 1. We will show that the points e’, e” _ 
cannot belong to either of these polygons. 
We C&h that e’, e”$!Pk_l. Indeed, the convex polygon Pk_1 = S@Pk has edges 
q1 and q2. Since by assumption the segment (e’, e”) intersects q1 and q2, we have 
e’, e”$Pk_ t_ 
On the other hand, e’, e”$Fk_ 1. Indeed, otherwise Pk_ InFk_ 1 # 8 which is forbid- 
den by condition (6). 
We obtained that e’, e”E E and e’, e”#Pk_lFk_l. This contradiction proves the 
proposition. 0 
Co&buy 42. Any edge q E Q that intersects int(Sk) intersects the ~olygo~a~ line gk at 
exactly one point. 
This follows from Proposition 4.1 and the fact that the polygonal line -EPk is concave 
towards S, (see Remark in Section 3). 
We introduce a partial ordering of the new points WE W in the polygon Sk as 
follows. As above, let ql, q2 be the sides of the shell Sk. 
Definition 4.2. Let wl, w2 be new points that lie on some edge q E Q. There are two 
possibilities. 
(1) The edge q passes through the point e4, i.e. ei,E q. Then we say that w’ < w”, if 
1 ej,, w’ 1 < 1 ei,, w” I, where 1 e, w 1 is the length of the segment (e, w). 
(2) The edge q intersects one of the sides ql , qz of the shell Sk, for example, ql. Let 
w. be the new intersection point, i.e. w. = qnql, wo. E W. Then for any w’, W”E(I we 
say that w’ < w”, if / wo, w’l < Iwo, ~“1. 
We also define ei, < w, for any w E WnSk. 
By Proposition 4.1, any q E Q can intersect only one of the sides ql, q2 of the shell Sk; 
therefore this partial ordering is well-defined. 
Remark. Note that this partial ordering of new points in Sk induces a direction along 
each edge qo Q that intersects int(&). All these edges 4 are directed from inside the 
shell Sk towards the polygonal line _!?pk, see Fig. 4. 
De&&ion 4.3. Let y c S, be an arbitrary chamber, y~r. A vertex WE y is called 
a animal new vertex of the chamber y, if w c w’ for any W’E y such that (w, w’) is an 
edge of the chamber y. 
Consider a shell S, with the vertex ej, and ‘cover’ _Yk. As a special case, the 
polygonal line .Yk can be segment and the shell S, will then be a triangle. We need 
a proposition concerning this special case. 
Proposition 4.2. Let Sk be a shell such that the ‘cover’ Yk is a segment with the end 
points e’, e”. Then any chewer y E Sk has a rni~i~l vertex. 
Proof. Let y E Sk. Consider the vertex w E y that has the largest distance from (e’, e”). 
Note that such point WE? is unique since any edge qE Q that intersects the triangle 
S, = (et,, e’, e”) intersects also the side (e’, e”) (by Corollary 4.2). 
Both edges q’, q” of the chamber y such that w E q’, w E q” are directed away from w, 
since all edges q that intersect S, are directed towards (e’,e”) (see Remark in this 
section and Fig 4). Therefore, w is the minimal vertex of y. 0 
Pro~sition 4.3. In the polygon S,, any coaler y has a unique minimal vertex. 
Proof. The polygon Sk is the part of an angle with the vertex ei, bounded by the 
polygonal line _Ypk concave towards Sk. Let e’,e” be the end points of this polygonal 
line. Consider the triangle (e,, e’, e”), (see Fig. 4). We have S, c (e,,, e’, e”). Let us 
extend all the edges qEQ that intersect Sk so that they will intersect the triangle 
(ei,, e’, 8). Any such edge will intersect the side (e’, e”) and is directed towards it (see 
Corollary 4.2 and Remark in this section). 
Consider a chamber y E S,. There are two possibilities: 
(1) y&Z’& = 8. Then the chamber y has a unique minimal vertex by 
Proposition 4.2. 
(2) yn2’k = 0. Let us remove the line pk. We obtain chambers in the triangle 
(ei,, e’, e”) and by Proposition 4.2 any such chamber has the minimal vertex. It is clear 
that by removing the line Bt we obtained a chamber y’ such that y’ 3 y. Let w be the 
minimal point of y’. Obviously, (see Fig. 4) w lies below’ the polygonal line Zk, i.e. 
inside the shell SR and is the vertex of y, moreover, w is the minimal vertex of y. 0 
Let Sk be a shell with the vertex eqr the ‘cover’ 5?&, and the side ql, q2, (see Fig. 3). 
Consider &n&-i. From Proposition 3.4 it follows that two cases are possible: 
(1) ei,eYk-1 is not an end point of the polygonal line 64,_,. Then 
&n&,-l = 4iuq2. 
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(2) ei, E ,.Yk_ 1 is an end point of 5? k_ i. Then &n& 1 contains only one of the 
edges 41, q2. 
The following proposition is related only to case (2). In case (1) Proposition 4.4 is 
trivial. 
Proposition 4.4. Let edges ql, q2 be the sides ofthe shell Sk and let q1 &S,n&_ 1. lf there 
exists an edge qtz Q that intersects qi then for any point XE q1 we have 
xES~u*~~VS~-~. 
Proof. Let an edge q E Q intersect he edge ql. Any edge q E Q has two end points that 
belong to E. Let e’, e” be the end points of q and ei,, e” be the end points of ql. Due to 
Corollary 4.2 the edge q intersects the ‘cover’ pk of the shell Sk. Therefore, one of the 
points e’, e” lies in Pk, for example e’ E PA (see Fig. 5). 
Consider the triangle (ei,,&e”). Let x be a point such that xoint(e:,,E, e”), i.e. 
XEP = conv(E). Consider the polygon P, 
(see formula (11)). Since Sk = Pk_1\IPk (see formula (10)) and PN = 8, we have 
It is clear that x#PkuSk = Pk_ 1 (see Fig. 5). Therefore, x E Slu --- uSk- 1. 
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Since a shell is a closed set, any x that belongs to the boundary of (ei,,Z,e”), in 
particular, any XE(+ 8) = 41, belongs to the set S,w .*. u&- 1. Note also that 
x4&-1. cl 
In further proofs we will use the game (formulated at the beginning of Section 4). Let 
B be the set of chambers constructed in Section 3. Consider the chambers y E B as an 
initial painting for the game on the afhne plane. In other words, let us paint all 
chambers yE B blue. According to the game we can now paint some chambers green if 
they satisfy Rule 1. 
Let et, be the vertex and ql, qz be the sides of the shell Sk. We will explain how to 
paint chambers in Sk adjacent to the sides ql, q2 of the shell Sk. 
Proposition 45. Suppose that every y o Sr u ..* v&-r, y$B is painted green. Let Y’E& 
be a chamber adjacent to a new point w E qj, for j = 1,2. Then the chamber y’ can be 
painted green according to Rule 1 of the game. 
Proof. Let us first consider the case when all the edges q E Q are in general position, i.e. 
only two edges pass through a new point. In this case we can use Rule 2 in the game. 
Consider the side qj of the shell Sk. Let ei* < w1 < w2 < +.* < wi be the ordering of 
ei, and all new points on the side qj (see Definition 4.3 and Fig. 6). 
Consider the point w1 and the four chambers adjacent to wl. Two of these 
chambers lie in the shell Sk and two chambers lie in the domain that is adjacent to 
Sk by the edge ql. We claim that those two chambers that do not lie in Sk belong to 
sru ***u&-l. 
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In order to prove this we will consider two possible cases (considered also in 
arguments preceding Proposition 4.4): 
(1) SknSk_ I = qluqz. In this case the edges ql, q2 of Sk are also edges of Sk- 1. 
Therefore, the two chambers adjacent o wi E ql, which do not lie in Sk, lie in Sk- 1. 
(2) SknSk_ 1 consists of one of the edges ql,q2, for example, SknSk_l = q2. In this 
case, the edge q2 of Sk is also an edge of Sk_ i. Therefore, if w1 E q2, then two chambers 
adjacent o wl, which do not lie in Sk, lie in S k _ 1. By Proposition 4.4 the edge q1 of 
Sk belongs to siu *-- uSk_ 1. Therefore, if w1 E ql, then the two chambers adjacent o 
wl, which do not lie in Sk, lie in Slu me- u&-r. 
Therefore, in either case, there are two chambers adjacent o w1 that do not lie in Sk, 
and that are already painted. There is a chamber adjacent o w1 that lies in Sk and has 
the vertex elk, since ei, E qj, j = 1,2. This chamber belongs to Bk and is painted blue. 
Therefore the fourth chamber adjacent to the point w1 eqj can be painted green 
according to Rule 2 of the game. This chamber lies in Sk. 
Consider the point w2, Fig. 6. The same reasoning as the one applied to the point wr, 
shows us that there are three chambers adjacent to the point w2 that are already 
painted. Therefore, we can paint the fourth chamber adjacent o w2 according to Rule 2. 
Similarly, we can paint consecutively all the chambers in Sk that are adjacent o any 
new point w E qj* 
If there are more than two edges q E Q that pass through a new point w E qj, it is easy 
to see that in case of the game with Rule 1 we can use similar arguments to show that 
the chambers adjacent o the points wi < .a- c wI can be consecutively painted. [7 
Let us again consider the set of chambers B constructed in Section 3 as an initial 
painting, i.e. let any chamber y E B be painted blue. 
Fig. 6. 
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Lemma 4.1. Suppose that any chamber y E & LJ -a~ u&- 1, y #B is painted green. Then 
any chamfer y E&, y$B can be painted green according to Rule 1 of the game. 
Proof. Let us again first consider the case when all the edges q~ Q are in general 
position. In this case we use the Rule 2 in the game. 
Suppose that there is a chamber y#B, y E S, that cannot be painted. Let w. be its 
minimal vertex. Then there is a chamber y’ adjacent to the point w. that also cannot 
be painted. From Remark in Section 4 it is easy to see that the chamber y’ has a vertex 
that is smaller than wo. Consider the animal vertex of y’. By applying the same 
arguments as above to the minimal vertex of y’ and repeating this process we will 
finally conclude that there is a chamber that cannot be painted and that is adjacent to 
one of the sides ql, je (1,2) of the shell Sk. Note that any chamber in S, with the vertex 
e4 belongs to Bk and is painted by blue color. By Proposition 4.5, any chamber 
in S, that is adjacent o a new vertex WEQ can be painted. We have obtained 
a contradiction. 
Consider the case when there can be several edges 4 E Q that pass through a new 
point. Suppose again that there is a chamber YES, that cannot be painted and let 
w. be its minimal vertex. From Rule 1 it follows that there is another chamber y’ that 
is adjacent to w. and to some edge q. that pass through wo. However, this chamber y’ 
can have the same minimal vertex wo, see Fig. 7. Then there is another edge 4’ of the 
chamber y’ such that w. E 4’. Applying Rule 1 to the edge q’ we will conclude that there 
exists a chamber y” adjacent to the point w. and to some edge q”, w. E 4” that cannot 
be painted. However, among the chambers that are adjacent to the vertex w. only the 
chambers inside the angle (e’, wo, e”), where e’, e” are the end points of the polygonal 
line dp,, have the minimal vertex equal to w. (see Fig. 7). This follows from the 
Fig. 7. 
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direction introduced by the ordering of new points (see Remark in this section). 
Therefore, choosing consequently nonpainted chambers adjacent to w. and some 
edge q, w. E q we finally choose a chamber that is adjacent o w. and lies outside the 
angle (e’, wo, e”). It is clear that this chamber has the minimal vertex smaller than wo. 
Now we can apply similar arguments as in the case of general position of edges 
q E Q. We will finally see that there exists a chamber that is adjacent to a new point 
w E qj, which contradicts Proposition 4.5. 0 
Now we can prove Theorem 4.1. 
Proof of Theorem 4.1. Let us consider as an initial painting the set B of chambers 
constructed in Section 3. We must prove that any chamber y E P = conv(E), y #B can 
be painted green according to Rule 1 of the game. 
Let us prove this by induction on the polygons S,. On the first step of induction any 
chamber yeSi that is adjacent to the point el, is painted blue, since YE& by the 
construction. There are no other chambers in Si . 
Suppose that all the chambers yE Siu .-a uSk- it y+B are already painted green. We 
must prove that all the chambers in S, can be painted green according to Rule 1 of the 
game. This follows from Lemma 4.2. r] 
5. Linear independence of chambers. locution of a basis of simpks 
In Section 4 we have proved that any chamber YET is a linear combination of 
chambers yE B. In order to prove that the set of chambers B constructed in Section 3 is 
a basis we will prove the following theorem. 
Let E be a finite set of points on the affine plane and B be the set of chambers 
constructed in Section 3. 
Proof. We must prove that the column gv, y E B of the incidence matrix A4 are linearly 
independent. 
Let us show how to construct a subset B c .?Z such that the submatrix M’ of 
h4 corresponding to the rows B’ and the columns B is upper-triangular with ‘1’ on the 
main diagonal, For this we will associated a simplex o E Z to each chamber y E B. 
Let us denote the chambers y E B1 by y:, . . . , y:,. Consider a chambr yf , 
jE(1, .*. , b,). This chamber (by construction of BI) has the vertex ei, and lies between 
two neighbor edges that have the end point etl. Since any edge q E Q has two end 
points that belong to E, then at the other end of each of these two edges there is a point 
from E. Thus, the chamber yf defines uniquely a simplex ai. 
Similarly, we can associate a simplex CJ E Z to any chamber y E B. Note that if we 
associate c to y and CT’ to y’ and if y # y’, then cr # cr’. Let us denote the set of all the 
simplices associated to the chambers ye B by B’. 
It is not hard to check that the submatrix M’ of M corresponding tothe rows B’ and 
the columns B has the form presented in Fig. 8. 
We have proved that the chambers y E B are linearly inde~ndent. 17 
From Corollary 4.1 and Theorem 5.1 follows: 
Theorem 5.2. Let E be a jinite set of points on the a@ne plane and 3 be the set of 
chambers constructed in Section 3. The set B is a co~i~atoriul basis in the linear 
space VT. 
Let us now discuss bases of simplices. In the proof of Theorem 5.1 we have 
constructed the set 8’ of simplices. Thus, to a sequence ofpoints et,, et,, . . . satisfying 
Lemma 3.1 we have associated two sets: the set B of chambers and the set B’ of 
simplices. The following theorem follows from Fig. 8 and Theorem 5.2. 
Theorem 5.3. (1) The set of simpZices B’ is a basis in Vz. 
(2) The basis of chambers B and the basis of simplices B' form a tr~~~ar pair. 
Definition 5.1. A pair of a basis e i, . . . , e, in the space V and a basis fi, . . . ,fn in the 
dual space V’ is called a triangular pair if (ei, fk) = 0 for i > k and (ei, fi) = 1. 
Fig. 8. 
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From Theorems 1.1 and 5.2 also follows 
Theorem 5.4. On the ajgine plane all the linear relations among chambers are linear 
combinations of relations (2) (in Theorem 1.1). 
The theorem is formulated for the n-dimensional space in Cl]. 
Using the algorithm for constructing the set of chambers B on the affine plane we 
can calculate the rank r of the relation (A; C, r). 
volition 5.1. 
r = (Nil) - C (m(qi-l), 
(/EQ 
where m(q) is the number of points e E E on the edge q E Q. 
Below is the generalization of this formula that we give without a proof. 
Theorem 5.5. Rank of the relation (A; X, r) is equal to 
r = (N;l) _ Q~,(~(“~‘)-‘) + Q~2(m@“~‘)-l) _ .. . + ( _ lr-1 pm(Q;)-l), 
where Qk is a k-dimensional plane spanned by some points ei E E, m(Q’) is the number of 
points eiEE that lie ita Qk. 
A.I. Remark on visibility 
In Section 3 we used the algorithm to construct the set B of chambers; we have 
proved (Theorem 5.2) that on the atTine plane the set B is a basis of chambers. In the 
algorithm for constructing the set B we considered a sequence of points ei, E E that 
satisfied the condition (6). In Proposition 3.3 we proved that the point ej,, satisfying 
the condition (6) is Pk _ 1 visible from the preceding point ei,_, . However, the visibility 
of the points et, in the algorithm is not suflicient to obtain the basis of chambers. 
Fig. 9 shows an example of the points on the affine plane. The set E consists of six 
points. The condition of visibility, even from the two preceding points in the sequence 
ef,, is not sufficient o construct a basis. The sequence of points et, e2, e3, e4 in Fig. 9 is 
such that each point is visible from the points of the two preceding steps. For example, 
the point e3 is P2-visible from the point e2 and is also P2-visible from the point ei , the 
point e4 is P,-visible from the point e3 and also P,-visible from the point e2, However, 
the set of chambers constructed by the algorithm for this sequence (es) (i.e. the set of 
chambers in P adjacent o the point el, chambers in P1 adjacent o the point e2, etc.) is 
not a basis of chambers. Of course, for this sequence of points el, e2, e3, e4 condition 
(6) is not satisfied. 
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Fig. 9. 
A.2. Iterations in painting chambers 
In Section 4 we have defined the game on the affine plane. Let B be a successful 
initial painting, i.e. B is the set of chambers painted blue in the game. Then any 
chamber y#B can be painted green according to the rule of the game. We can 
introduce the ‘height’ for each chamber y&B. 
Definition A.1. Any chamber YE B has the height 0. 
We say that a chamber r$B has the height k, if y can be painted green when 
applying the rule to chambers with the height < k. 
The process of painting chambers green is similar to diffusion and the height 
k means the time that is required for the process to reach a certain chamber. Such 
notions are useful if we consider the continuous analogue of the game formulated in 
this paper. 
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